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Abstract. We consider a class of pseudodifferential evolution equations of the 
form 

ut + {n{u) + Lu)x = 0, 

in which L is a linear smoothing operator and n is at least quadratic near the 
origin; this class includes in particular the Whitham equation. A family of 
solitary-wave solutions is found using a constrained minimisation principle and 
!'~] , concentration-compactness methods for noncoercive functionals. The solitary 

jrvj ■ waves are approximated by (scalings of) the corresponding solutions to partial 

?H ' differential equations arising as weakly nonlinear approximations; in the case 

of the Whitham equation the approximation is the Korteweg-deVries equation. 
We also demonstrate that the family of solitary-wave solutions is conditionally 
energetically stable. 
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1. Introduction 

In this paper we discuss solitary- wave solutions of the pseudodifferential equation 

Ut + iLu + n{u))^^0 (1) 

describing the evolution of a real- valued function u of time t e M and space a; e M; 
here L is a linear smoothing operator and n is at least quadratic near the origin. A 
concrete example is the equation 

Ut + 2uUx + Lux ~ 0, (2) 

where L is the spatial Fourier multiplier operator given by 

tanh(A;) V 



nLf){k) = [-^j fi.k). 

This equation was proposed by Whitham [18] as an alternative to the Korteweg- 
deVries equation which features the same linear dispersion relation as the full water- 
wave problem, a fact that allows for the breaking of waves (Whitham [TO] , Naumkin 
& Shishmarev [H]). There have been several investigations of different variants of 
the Whitham equation (e.g. see Constantin & Escher [^, Gabov [TU], Naumkin & 
Shishmarev [15] and Zaitsev [20]), but it has remained unclear whether the Whitham 
equation admits travelling waves, that is solutions of the form u = u{x — vt) 
representing waves moving from left to right with constant speed v. The existence 
of periodic travelling waves to the Whitham equation was recently established by 
Ehrnstrom & Kalisch [5], and in the present paper we discuss solitary waves, that is 
travelling waves for which u{x — vt) -^ as x — vt ^ ±oo. 

Our mathematical task is therefore to find functions u — u{x) which satisfy the 
travelling- wave equation 

Lu — vu + n{u) = (3) 

with wave speed v and asymptotic condition u(x) — )■ as 2: — >■ ±c». We examine 
equation (jSj under the following conditions. 

Assumptions 

(Al) The operator L is a Fourier multiplier with classical symbol m G 5™°(M) for some 
mo < 0, that is 

F{Lf){k) - m{k)f{k) 

for some smooth function ?7i: M — > R with the property that 

|™(")(fc)|<a(l + |fc|r"-", aeNo, (4) 

where Cq is a positive constant depending upon a. In particular, one can write 
L as a convolution with the (possibly distributional) kernel K := J^~^{m), that is 

LI=-^K*f. (5) 

y In 

(A2) The symbol tti : R — > M is even (to avoid non-real solutions) and satisfies 
m(0) > 0, 

m(fc) < m(0), fc 7^ 0, (6) 
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(so that it has a strict and positive global maximum at k — 0) and 

m{k) = m(0) + —, ^ fc2J* + r(k) 

(2j*)! 

for some j* £ N, where m(^-'*)(0) < and r{k) = C'(fc^^*+^) as k ^ Q. 

(A3) The nonlinearity n is a twice continuously differ entiahle function ffi — >■ M with 

n{x) — np{x) + nr{x), (7) 

in which the leading-order part of the nonlinearity takes the form np{x) — Cp\xY' 
for some Cp ^ and p e [2,4^* + 1) or np{x) = CpX^ for some Cp > and 
odd integer p in the range p G [2,4j,t + 1), while the higher-order part of the 
nonlinearity satisfies the estimate 

n,{x)^0{\x\P+'), n',ix) = Oi\x\P+'-') 

for some 6 > as a; — > 0. (Occasionally we simply estimate n{x) — 0{\x\'p) and 
n'{x)=0{\x\P-^).) 

Proceeding fornially, let us derive a long-wave approximation to equation ([3]) 
by introducing a small parameter /x equal to the momentum i Jj^ u^ dx of the wave, 
writing z/ as a small perturbation of the speed m(0) of linear long waves, so that 

V = m(0) + //''i^iw, 

and substituting the weakly nonlinear Ansatz 

uix):= fi°'w{fi^x), (8) 

where 2a — (3 — 1 (so that 5 /jj "^ = m) into the equation. Choosing {p — l)a — 2j^(3 
and 7 = 2ji,/3, we find that 

.0, 



m"" ('^^m(2j*)(0)w;(2j*) - i^i^w + np{w)\ + 



where the ellipsis denotes terms which are formally o{pP°')] the constraints on a and 
P imply the choice 

a = — ^ and /? = — ; . (9) 

A]^ + \-p "^ 4j^ + l-p 

This formal weakly nonlinear analysis suggests that solitary-wave solutions to ([T]) 
are approximated by (suitably scaled) homoclinic solutions of the ordinary differential 
equation 

^^1}!1to(2J*)(0)^(2j*) _ ^^^^ + np{w) = (10) 

for some constant vi^^. The following theorem gives a variational characterisation of 
such solutions; it is established using a straightforward modification of the theory 
developed by Albert [2] and Zeng [21] for a slightly different class of equations (the 
proof that £1^ is bounded below over Wi is given in the appendix). 



Solitary waves for 


equations of Whitham type 


Theorem 1.1 






(i) The Junctional f i„ : W* (R) 


— > M given by 




£iw{w) = - 


J A 2(2j;)! 


where 


Np+iix) := 


r CpxP+^ 




p+ 1 ' 

< 

Cpxlxl^ 



p + l 

is bounded below over the set 



{w^i*)f+Np+i{w)\dx, (11) 

ifnp{x) = Cp|a;|P, 



1^1 = {w e i/J* (M) : Q{w) = 1}, 

w/iere 

QH = ^ I w'^dx. (12) 

r/ie set _Diw o/ minimisers of £iw over W^i is a nonempty subset of H^^* (R) which 
lies in 

W -.^{we H^^*{R) : ||w||2jv < 5} 

/or some S > 0. Each element of D\^ is a solution of equation \l(]l\) : the constant 
v\^ is the Lagrange multiplier in this constrained variational principle. 

(a) Suppose that {wnjneNo *s « minimising sequence for £iw over {w G 7f^*(R) : 
Q{w) = 1}. There exists a sequence {x„}„gNo of real numbers with the property 
that a subsequence of {wn{- + Xn)}n&ia converges in _ff^*(R) to an element of 

Aw. 

For the Whitham equation (j* = 1, p = 2, m"(0) = — i) the above derivation 
yields the travelhng-wave version 

iw" — v\^w + w^ = Q 

of the Korteweg-deVries equation, for which 

Aw = {u'Kdv(- + y) : 2/ e M}, WKdv(a;) = (|)^ sech^ ((|)^ x) 

(and there are no further homoclinic solutions) . In general Dy^ consists of all spatial 
translations of a (possibly infinite) family of 'generating' homoclinic solutions with 

different wave speeds {v\-„ = (|)^ in the case of the Whitham equation). 

Equation ([3]) also admits a variational formulation: local minimisers of the 
functional 8 : H^{E) -^ R given by 

E(u) = -- uLudx - / N{u)dx, (13) 

2 ./B .la 



■.^C{u) ■.= Af{u) 

where N is the primitive function of n which vanishes at the origin, so that 

N{x) := Np+i{x) + N,{x), N,{x) := / n,{s) ds, 

Jo 
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under the constraint that Q is held fixed are sohtary-wave solutions of ([3]). The 
technique employed by Albert and Zeng, which relies upon the fact that L is of positive 
order (so that fiw is coercive), is however not applicable in the present situation in 
which L is a smoothing operator. Instead we use methods developed by Buffoni [5] 
and Groves & Wahlen [11]. We consider a fixed ball 

U = {ueH\R) : \\u\\i <R}, 

and seek small-amplitude solutions, that is solutions in the set 

U^:^{ueU: Q(w)=m}, 

where /^ is a small, positive, real number. In particular we examine minimising 
sequences for £ over C/^ which do not approach the boundary of U, and establish 
the following result with the help of the concentration-compactness principle. 

Theorem 1.2 (Existence) There exists /i* > such that the following statements 
hold for each ii G (0, /i*). 

(i) The set Z?^ of minimisers of £ over the set Uf^ is non-empty and the estimate 
\\u\\\ — ©(/i) holds uniformly over u € D^ and /i € (0,/ij,). Each element of D^ 
is a solution of the travelling-wave equation (0j; the wave speed v is the Lagrange 
multiplier in this constrained variational principle. The corresponding solitary 
waves are supercritical, that is their speed v exceeds 7tt,(0). 

(ii) Let s < 1 and suppose that {wnlneNo J-s a minimising sequence for £ over C/^ with 
the property that 

sup ||u„||i < R. (14) 

neNo 

There exists a sequence {xn}neNo of real numbers such that a subsequence of 
{"«(• + Xn)}nefio converges in H'^(K) to a function in Z?^. 



Theorem 11.21 is proved in two steps. We begin by constructing a minimising 
sequence which satisfies condition (|14p. To this end we consider the corresponding 
problem for periodic travelling waves (see Section [3]) and penalise the variational 
functional so that minimising sequences do not approach the boundary of the 
corresponding domain in function space. Standard methods from the calculus of 
variations yield the existence of minimisers for the penalised problem, and a priori 
estimates confirm that the minimisers lie in the region unaffected by the penalisation; 
in particular they are bounded (uniformly over all large periods) away from the 
boundary. A minimising sequence {Mn}neNo for £ over Up, is obtained by letting 
the period tend to infinity. 

The minimising sequence {unlneNo is used to show that the quantity 

Lf, ;= mi{£{u):u£ U^,} 
is strictly subadditive, that is 

hn+i-i2 < Ip.1 + It^2 whenever < fxi , fi2 < fJ-i + fJ'2 < fJ-*- 

The proof of this fact, which is presented in Section SI is accomplished by showing 
that the functions u„ 'scale' in a fashion similar to the long- wave Ansatz (|8]); we 
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may therefore approximate £" by a scaling of £i^ along this minimising sequence. The 
corresponding strict subadditivity result for the latter functional is a straightforward 
matter, and a perturbation argument shows that it remains valid for £. 

In a second step we apply the concentration-compactness principle to show 
that any minimising sequence satisfying (|14p converges — up to subsequences and 
translations — in H'^{M.), s < 1 to a minimiser of £ over U^ (Section [S]). The strict 
subadditivity of /^j is a key ingredient here. The proof of Theorem 1 1.2r i) is completed 
by a priori estimates for the size and speed of solitary waves obtained in this fashion. 

Section [S] examines some consequences of Theorem 11.21 In particular, the 
relationship between the solutions to ([T0| found in Theorem 11.11 and the solutions 
to ([3]) found in Theorem 11.21 is rigorously clarified. Under an additional regularity 
hypothesis upon n we show that every solution u in the set 13^ lies in H^^* (M) , 
'scales' according to the long-wave Ansatz ^ and satisfies 

dist^j,(R)(^""u(^~'^-), Aw) -^ 

as /I \ 0; the convergence is uniform over 13^. Corresponding convergence results for 
the wave speeds and infima of £ over t/^ and £\^ over {w E H'-'* (M) : Q{'w) = 1} are 
also presented. These results may contribute towards the discussion of the validity 
of the Whitham equation as a model for water waves: they show that the Whitham 
solitary waves are approximated by Korteweg-deVries solitary waves, and it is known 
that solutions of the Korteweg-deVries equation do approximate the solutions of the 
full water-wave problem (Craig [Tj, Schneider & Wayne [I6j). 

Theorem ll .21 also yields information about the stability of the set of solitary- wave 
solutions to (III) defined by D^. Observing that £ and Q are conserved quantities 
associated with equation ([1}, we apply a general principle that the solution set of a 
constrained minimisation problem of this type constitutes a stable set of solutions 
of the corresponding initial problem (Theorem 16. 7p : choosing dist^2(-B-)(u(0), -D^) 
sufiiciently small ensures that dist^2/jj)(u(t), Z?^) remains small over the time of 
existence of a solution u : [0,r] — > H^iM) with sup^g^Q.^] ||u(i)||i < R. Of course 
the well-posedness of the initial-value problem for equation ([1]) is a prerequisite 
for discussing the stability of D^. This discussion is however outside the scope of 
the present paper; we merely assume that the initial-value problem is locally well 
posed in a sense made precise in Section [6l Our stability result is conditional since 
it applies to solutions only for as long as they remain in U (for example certain 
solutions of the Whitham equation ([2|) have only a finite time of existence (Naumkin 
& Shishmarev [15])). and energetic since distance is measured in L^(R) rather than 
H^{R) (note that the norms in _ff*(M) for s e [0, 1) are all metrically equivalent on U). 
Theorem 16. 71 also refers to the stability of the entire set Z?^; in the special case where 
the minimiser of £ over U^ is unique up to translations it coincides with (conditional 
and energetic) orbital stability of this solution. 

2. Preliminaries 

Functional- analytic setting for the solitary-wave problem 

Let SS{R) be the Schwartz space of rapidly decaying smooth functions, and let J- 
denote the unitary Fourier transform on S'S'(M), so that 

J-{ip){k) := / ip{x)exp{—ikx)dx, ip £ 

V 27r Jr 
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and on the dual space of tempered distributions SS'{M.), so that (/, (^) = ifj'f) for 
/ € SS'{M.). By LP{R), p > 1 we denote the space of real- valued p-integrable functions 
with norm ||/||lp(r) := Jjg |/(a;)|^ dx, by H^{R), s G R the real Sobolev space consisting 
of those tempered distributions for which the norm 

|l/|U:=(^^|/(fc)P(l + fc2)^dfc 

is finite, and by BC(M) the space of bounded and continuous real- valued functions 
with finite supremum norm ||/||oo '■= sup^^jj 1/(2^) I ! there is a continuous embedding 
H%R) ^ BC(R) for any s > i, so that ||u||oo < Cs\\u\\, for ah u € H^R). We 
write L-^(R) for iJ"(M), and for all spaces the subscript 'c' denotes the subspace of 
compactly supported functions, so that 

H^iR) := {/ e if''(M):supp(/) is compact}. 

We now list some basic properties of the operators L, n appearing in equation ^ 
and functionals £, Q defined in equations (|12p . (TTSt . 



Proposition 2.1 

(i) The linear operator L belongs to C°°(ff"(R), iJ^+l™ol(R)) n C°°{SS{R), SS{R)) 
for each s > 0. 

(ii) For each j G N there exists a constant Cj > such that 

l^"(^)l ^ 7:rT7 ' , ^^u ll"Ho^ .TeR\supp(u) 

(dist(a;,supp(MJjj'' 

for allue Ll{R). 
(Hi) Suppose that n e C'^(R, R) for some fc G N. For each R > the function n induces 
a continuous Nemitskii operator Bji{Q) C H''{R) — > H^{R), where s G (i k]. 

Proof (i) This assertion follows directly from the definition of L. 

(ii) Assumption Q implies that rrS^^ G L'^iR) for any j G N. Applying 
Plancherel's theorem and Holder's inequality to the convolution formula (O, one finds 
that 



\Lu{x)\= ^ 



27r 



K{x-y)u{y)dy 



supp('ti) v"^ y) 



- V2^ dist(x,supp(M))J' " ""■ 



(iii) Construct a k times continuously differentiable function n : M — > M whose 
derivatives are bounded and which satisfies fi{x) = n{x) for |a;| < CsR (for example 
by multiplying n by a smooth 'cut-off' function). The results given by Bourdaud & 
Sickel [3J Theorem 7] (for s G (0, 1)) and Brezis & Mironescu |H Theorem 1.1] (for s > 
1) show that h induces a continuous Nemitskii operator _ff^(R) -^ iJ''(R) for s G (0, k] 
and hence that n induces a continuous Nemitskii operator -B_r(0) C FF'{R) -^ FF'{R) 
forsG(i,fc]. □ 

According to the previous proposition we may study ([3]) as an equation in if* (R) 
for s > ^ (provided that n is sufficiently regular) . In keeping with this observation we 
work in the fixed ball U = {u e H^(R) : \\u\\i < R}. 
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Proposition 2.2 Suppose that n £ C^{M.). 

(i) The functionals C, Af and Q belong to C^{U,M.) and their L'^{K)- derivatives are 
given by the formulae 

C'{u):=-Lu, J\f'{u)::^-n{u), Q'{u)^u. 

These formulae define functions C , Af' , Q' G C iJJ , H^ {S^f) . 
(a) The functional £ belongs to C(iJ*(M),R) for each s > ^. 

Finally, we note that solutions of the travelling-wave equation may inherit further 
regularity from n. 

Lemma 2.3 (Regularity) Suppose that n E C'"'+^(R) for some k E N. For 
sufficiently small values of R, every solution u E U of (Q) belongs to iJ'''+^(R) and 
satisfies 

\\u\\k+i < c\\u\\i. 



Proof Differentiating (|31) , we find that 
Lu' 



(15) 



v — n'{u) 

There exists a positive constant cs such that v — n'(u) > i5 > whenever ||u||oo < eg; 
the embedding H^{M.) ^-> BC(R) guarantees that this condition is fulfilled for each 
u E U for sufficiently small values of R. 

Suppose that m E {1, . . . ,k}. For each fixed u E if™(R) the formula 



V — n'(u) 



defines an operator in B(l?{^), 1?{R)) and B(i7™(R), iJ™(R)), and by interpolation 
it follows that (y9„ E i?(iJ''(R),7J^(R)) for s E [0,to]; its norm depends upon ||u||m- 
Furthermore, recaU that L E B(ff"(R), iJ^+l'"«l(R)) for all s E [0,oo), so that 

^u:^^u<=LeB {H'{R),H'*{R)) , s, = min(m, s + |mo|), 

and the norm of ipu depends upon |ju||„i. 

It follows that any solution w E H'' (M) of the equation 

w^ipu{w) (16) 

in fact belongs to iJ**(]R), where s* = min(?Ti, s + |m.o|), and satisfies the estimate 

\\w\\s, < C||„||,„||w||s. 

Applying this argument recursively, one finds that any solution w E i^(R) of ([T6| 
belongs to iJ™(R) and satisfies 

\\w\\ni < C||n||„Jlu'|lo- 

Observe that equation dTSl) is equivalent to u' = ^„(m'). A bootstrap argument 
therefore shows that u' E H'^{M.) with 

lk'||m<C||„||J|M'||o, TO=l,...,fc. D 
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Functional- analytic setting for the periodic problem 

Let P > 0. Let ip be the space of P-periodic, locally square-integrable functions 
with Fourier-series representation 

u{x) — —j= y Ufe exp(27riA:a;/P), 
and define 



P 

feez 



ff|, := L e Ll: \\u\W^ := f ^ {\ + ^^^J \uA < c^ 

for s > 0. Just as for the Sobolev spaces iP'(R) one has the continuous embedding 
Hp M- BC(M) for all s > ^; the embedding constant is independent of P. 

Proposition 2.4 The operator L extends to an operator SS'{M.) -^ SS'(M.) which 
maps Hp smoothly into Hp l™"'^ acting on the Fourier coefficients Uk, k E Z,, of a 
function u by pointwise multiplication, so that 

{Lu)k ~ ?Ti(27rfc/P) Mfc, k E Tj. 

Proof The operator L is symmetric on i^(M) and maps 55 (R) into itself; it therefore 
extends to an operator 55'(M) -^ SS'{K). In particular, the convolution theorem 
shows that L maps P-periodic functions to P-periodic functions, acting on their 
Fourier coefficients by pointwise multiplication; it follows that L e C°°{Hp, Hp I™"'). 
D 

There is a natural injection from the set of functions up G L'^{^) with supp('u) C 
(— ^, ^) to Lp, namely 

iip H^ Up :=^Mp(- +jP), 

where the series converges in 55' (M) n Lj^q^(K). The following proposition shows that 
this map commutes with L. 

Proposition 2.5 Any function up e L'^i^) with supp(up) C (— -j, -?) satisfies 



Ll3 J2 Lupi-+jP) -=^ Lup e L 

\3\<J 



55'(R) n LU 



Proof The convergence in 55' (R) follows from the continuity of L : 55' (R) -^ SS'{ 
while that in ^^^^.(K) follows from the calculation 



J2 Lup{-+jP) 

\3\>J 



L^{{~MM)) 



< ^ |liMp(-+iP)||L2((_M,M)) 

< {2M)^C2\\up\\o J2 



l^.|>^ dist ([-M, M], supp(«(- + jP))f 
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< i2M)-2C2\\up\\o 

U\>J 



^rm-^2)p-My 



as J — >■ 00. □ 

Define 



Up ;= lue H},:\\u\\hi^ < r\ 



and functionals A/p, Cp, £p, Qp: Up — > M by replacing the domain of integration in 
tlie definitions of A/", C, £, Q by one period (— -j, -j)- Observing that Proposition 12.21 
(with the obvious modifications) holds for the new functionals, we study £p, Qp £ 
C^{Up, M). Each minimiser of £p over the set 

Up^f, := {u e Up: Qp{u) = ^} 

is a P-periodic solution of the travelling- wave equation ([3]); the wave speed v is the 
Lagrange multiplier in this constrained variational principle. 

Additional notation 

• We denote the set of functions which are square integrable over an open subset S 
of IR by L'^{S) and the subset of L'^{S) consisting of those functions whose weak 
derivative exists and is square integrable by H^(S). 

• The symbol c denotes a a generic constant which is independent of /i £ (0, /i^) 
(and of course functions in a given set or sequence); its dependence upon other 
quantities is indicated by a subscript. All order-of-magnitude estimates are also 
uniform over /i G (0,/i*), and in general we replace /i* with a smaller number if 
necessary for the validity of our results. 

3. The minimisation problem for periodic functions 

The penalisation argument 

Seeking a constrained minimiser of £p in the set C/p.^ by the direct method of the 
calculus of variations, one is confronted by the difficulty that a minimising sequence 
may approach the boundary of Up. To overcome this difficulty we observe that £p 
also defines a continuously differentiable functional on the set 

Vp ■.= {ueHl,:\\u\\Hi, <2R} 
and consider the auxiliary functional 

£p,g{u) := £p{u) + Q i^WWlji^j 
with constraint set 

Vp,^ := {u e Hi: ||u||^^ < 2P, Q{u) = ^i] , 

where we note the helpful estimate 

Moo <c\\u\\l.,J\u\\%,^<c^i^, ueVp^^,. (17) 

Here g: [0, (2i?)^) — ^ [0, oo) is a smooth, increasing 'penalisation' function such 
that 
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(i) g(t) = whenever < t < ii!^^ 

(ii) g{t) -^oo ast /" {2Rf , 
(iii) for every constant oi G (0, 1) there exist Afi, M2 > and 02 > 1 such that 

Q{t)<M,{Q{t)r-+M2{Q{t)T'; 
an example of such a function g can be obtained by scahng and translating the function 

r (l-t)-iexp(~lA), te(o,i), 

\ 0, t<0. 

The following lemma is obtained by standard weak continuity arguments (e.g. see 
Struwe [ni §§I-1, 1-2]). 

Lemma 3.1 The functional £p,g: Vp^^ -^> R is weakly lower semicontinuous, hounded 
from below, and satisfies £p^g{u) —> 00 as ||w||_f/i /^ 2i?. In particular, it has a 
minimiser up £ Vp,;^- 

The next step is to show that up in fact minimises £p over Up^|^^. This result 
relies upon estimates for £p^g which are uniform in P and are derived in Lemmata 13.21 
and 13.31 and Corollary 13.41 bv examining the functional £ and its relationship to £p,g. 

Lemma 3.2 For any w €^ W the 'long-wave test function' Si^^w, where 

{Si^w){x) = n°'w{fi'^x), 

lies in U and satisfies 

£{Si^w) = -^lm{0) + ^l'+'^P-^^"£Uw) + o{p^+'^P'^^"), 

where the values of a and (3 are given by ^ and £i„ is defined in equation ill}) . The 
estimate holds uniformly over w G W, and w G Wi implies u eU^. 

Proof Observe that 

Q{S,^w) = /i^"-'^, F[S^^w]{k) = ^i''-^w{^l-^k) 

and 

for a, /? > with 2a — (3 > 1. A direct calculation shows that 

£{Si^w)= -i /m(fc)|J-[5iww](fc)pdfc-^-^ [ N ifi'^wix)) dx 



2 



M^"-Mo)-^^ :^ — ^ / e^^iMk^dk 

2(2j*)! Jm 

_^(p+i)a-/3 /"iVj,+i(w(a-))dx 



2a-l3 

A*-^ / N,.{iJ.°'w{x))dx-^:!—— I r(/fc)|t&(fc)pdfc, 
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and one can estimate 



M 



2Q-/3 



r{fi^k)\w{k)\^dk + fi-^ / N,{ti°'w{x)) dx 



\ Jr Jr J 

Choosing a and /3 such that (p — l)a = 2j^,/3 and 2a — (3 = I, so that a and (3 are 
given by ([9|), yields the desired estimate. D 

Lemma 3.3 Let {up}p be a bounded family of functions in H^{M.) with 

supp(up) C (— -J, -j) and dist(±-j, supp(Mp)) > -P' 
and define up £ Hi by the formula 

Up = ^Up{-+jP). 



(i) The function up satisfies 

p'^oo "^"^ " i"p|lHM-f .f ) = 0' pli^ \\Lup\\H^i{\^\>iY) 

(a) The functionals £ , Q and Ep, Qp have the properties that 

hm {£{up) - £p{up)) = 0, Q{up) = Qp{up) 

and 

hm \\£'{up)-£'p{up)\\Hirpp) =0, 

\\Q!{up) - Qi.(up)||ffi(_p,^) = 0, ||Q'(^p)||h 

Proof (i) Using Proposition 12 . 1 f ii) . we find that 
\Lup — Lup\ Ax 



*;^ = 0, 



hm |lf'(up)|lHi(|U|>P|) =0, 



M{bl>-?}) 



I V Lup{x+jP) 
~ bl>i 



da; 



< 



Et 



C'sll^tpllo 



|j|> 



'^ dist (a; + jP, supp(up)) 



dx 



< 



^y^ CsIImpIIo I 



Ax 



\x\>i. 



\Lup\'^ Ax 
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< C^llupii^ 



dx 



/ 9 

a;|>-E dist (a;,supp(up)) 



< Ci'II^pIIo 



pi 



dx 



kl>-| 



|x|-i(P-pi 



and therefore 



lini \\Lup — Lup\\t2(_ 



p_ p_\ 
1 • 2 ) 



0, 



lim ||iup|lL2(ru|>P 



P^oo 



({\'A>^}) 



0, 



as P — > oo. The same calculation is valid with up and up replaced by respectively 
u!p and Mp, and since L commutes with differentiation this observation completes the 
proof. 

(ii) Observe that 

|£(up) -£p(Mp)| 

— / iipLup dx 



upLup dx 
up{Lup — Lup) dx 







< 7:ll^p|lol|iwp -iup||^2(_p_p) 



and 



\\C'{up) - >Cp(Mp)||^i(_p^P) = \\Lup - Lup\\^^_pp-^ -^ 0, 

\\^'{^p)\\Hm\x\>§}) = ll-^"p|lHi({|a;|>-f }) ^ 

as P — > OO. Furthermore 



AA(wp) 



7V(up)da; 



iV(Mp)dx 



N{up) dx = Afp{up) 



and 

7V'(up(x)) = -n(Mp(x)) 



-n(Mp(x)) =7Vp(Mp(x)), a;e(--^,-^), 



0, 



N > f , 



(AA'(up))'(a;) = -n'{up{x))u'p{x) 

\ -n'{up{x))u'p{x) = (7V;,(Mp))'(a;), x G (-f , f ), 



0, 



X > 



so that 



|iAA'(7ip) - AA^(^ip)||^,(_P P) = 0, \W'{up)\\hH{\.\>^}) = 0. 



The result for £, £p follows from these calculations and the formulae £ = C + A/", 
£p = Cp + A/p, and a similar calculation yields the result for Q, Qp. D 
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Corollary 3.4 There exist constants I-^ > and P^ > such that 
If, := mi{£{u):ue C/^} < -fim{Q) - fi^+^P-'^''" h 



Ip.e.j. ■■= inf {£p,e(u): u G Fp,^} < -Mm(0) - m'+^^"''"/* 
for each P > Pp.. 

Proof Taking ^ e C^(R) with Q(^) = 1 and writing z«(x) = ^/Xtp{Xx), one finds 
that 

for sufficiently small values of A provided that p < 4j^ + 1 and Np+i{ip) > 0; these 
conditions are satisfied under assumption (A3) by choosing ^ > if Cp > and V' < 
if Cp < 0. 

Noting that w G Vt^ for sufficiently large values of S, we find from Lemma 13.21 
that 

< iMi+(P-i)"£iw(«;). (18) 

Observe that supp(5iww) = ^~^supp(w), so that Siy^w satisfies the assumptions of 
Lemma 13.31 if and only li n^P > c^, where c^ is a positive constant independent of 
P. For such P a combination of Lemma 13.31 and (fT8|) yields 

< - fim{0) + i/i'+^^"''"fiw(ii') + {£p{up) - £{S,^w)) 
-^ - ^im{0) + i/i'+^^"''"fiw(w) 
as P — >■ oo, where 

up = Y,iSi^w)i-+ J P)- 

The result follows by setting /* := -~j£\„{w) and choosing P^ large enough so 
that ^I^P > c„ and |fp(up) - £{Si^w)\ < l^i^+^P-^^°'\£i„{w)\ for P > P^, (see 
Lemma r3.3f ii)). □ 

Let us now return to our study of minimisers up of £pg over Vp^^, which in view 
of Corollary [3H] satisfy 

£pA^p) < -t^miO) - fi'+^P-''>''h (19) 

and of course 

d£p,e[up] + J^pdQp[up] = (20) 

for some constant i^p E M, that is 

{Lup + n{up))vdx — 2g[\\up\\f^i) / {upv + Upv') dx = vp / upvdx 

for all V £ Hp. This equation implies that Up exists if g'(||Mp||^i ) > and that up 
satisfies the equation 

vpup = Lup + n{up) — 2g' {\\up\\\i ) {up — u'p) . (21) 
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Lemma 3.5 The estimate 

vp - m(0) > ^h{p + 1)^(^-1'" + 0{\\up\\P^'-^) - c,fi^+' 

holds uniformly over the set of minimisers up of Ep^g over Vp,^ and P > Pf^- Here e 
is a positive constant and Cg vanishes when g — Q. 

Proof In this proof all estimates hold uniformly in P > P^. 
Inequality P^ asserts that 

D p 

N{up)dx — — / upLupdx + g(\\up\\'^^i) < — ?7i(0)/i, 

for all P > Pfi, and assumption ([6]) implies that 

1 f^ m(o) r^ 

- upLupdx<—^ u%dx^m{0)^. (22) 

ZIP ZIP 

Adding these inequalities, we find that 

— /• — 

e(||Sp||?,^) <W N(up)dx < c\\upr^' r uldx < c/i(P+3)/4, 

where we have estimated HSpHoo < c/z* (see pT|) ). Using property (iii) of the 
penalisation function, we conclude that 

g'{\\up\\l^^)<c^,'+^. (23) 

Multiplying (|2ip by up and integrating over (— -j, -j), one finds that 

f^ fl . _ _\ p-l [^ . 

2vpii — {p + 1) — upLup + N{up) dx / upLup dx 

J-i V2 J 2 7_p 

{{p + l)N{up) - upn{up)) dx - 2g' {\\up\\jj,J WupWhj, 

p_ 
= - {p + l)8p^g{up) — / upLupdx + {p+l)g[\\up\\]ji^) 

+ O{\\up\\'^'-'\\up\\l.J~2g'{\\up\\l0\\up\\l,^ 

because {p + l)N{u{x)) — un{u{x)) — 0{\u{x)Y'^^^^) uniformly over m e Vp and 
a; e ]R. It follows that 



Vp 



> m(0) + i/4P + 1)^^^''-'^" + Oi\\up\\P^'-') - cMl+^ 



where we have used inequalities (|T9)) . ((22)) and p3|. □ 

It follows from Lemma 13.51 and the estimate ||wp||oo < c/i4 (see (llTp that 
pp > |to(0) uniformly over the set of minimisers up of £p^g over Vp^^ and P > P^. 
This bound is used in the following estimate of the size of up. 



Lemma 3.6 The estimate 



\up\\l < cy. 



holds uniformly over the set of minimisers of Ep^g over Vp_^ and P > P^ 
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Proof In this proof all estimates again hold uniformly in P > P^ . 

Multiplying (PT|) by up~u'p if £''(||'Sp||^i ) > or applying the operator up+u'pj^ 

if £)'(|JMp||^i ) = 0, we find that 

— r — 

i^p||up||^i == / {upLup + u'pLu'p) dx + / {upn{up) + \u'p\'^n'{up)) dx 
^2g'{\\up\\l^jU\up\\l-^+2j^Ju'p\'dx] 
<c\\up\\\^^ + l sup \n'{x)\] IIwpII^i 



"p^~'^ Vki<ii"pih 



because m & S, 




sup \n'{x)\ \up{x)\ 

kl<l|fip||oo / 



uniformly over a; € E. Because sup|2.|<||jjp|| I^T-'la:^)! -> as ||up||oo -> and hence as 



l^pllffi ^0 this quantity is bounded by |m.(0) for sufficiently small values of R, so 



that 



Estimating 



shows that 



|up||^^ <c||^p||^^^. 



^'^ol II - „ II 2— \'''no\ 

^p 
2 



|mo| < 2, 



H,^^ - \\up\\%, |mo|>2 



llwpllffi. <c||up||^2_ <c/x. n 

Theorem 3.7 (Existence of periodic minimisers) For each P > P^ there exists 
a function up G Up^^ which minimises Ep over Up^^, so that 

£p{up) = Ip^^ := mi{£p{u):u £ t/p,^} , 

and satisfies the Euler- Lagrange equation 

£'p[up) + i'pQ!p{up) = 

for some real number vp; it is therefore a periodic solution of the travelling-wave 
equation (0) with wave speed vp . Furthermore 

||Sp||^i < en, < i^p < c 

uniformly over P > P^. 

Proof Let up be a minimiser of £p,g over Vp,^. It follows from Lemma 13.61 that 
ll^iplli £ c/z, so that g{up) and g'{up) vanish. In particular, up belongs to Up^f^, 
and since it minimises £p^g over Vp^^ it certainly minimises £p^g = £p over t/p,/^. 
Furthermore, equation (j20p is equivalent to 

£'p{up) + i^pQ'p{up)^0, 

from which it follows that 

1 c 

i^P = - — {£'p{up),up)l2 < -\\up\\]^i <c. □ 

2/x ^ ^ p 
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We proceed by extending the minimisers up of £p over Up^^ found above 
to functions in _ff^(R) by scaling, translation and truncation in the following 
manner. For each sufficiently large value of P there exists an open subinterval 
Ip := {xp - ^Pi,xp + ^P"^) of (--|,-|) such that \\up\\hi(^Jp) < P~t; we may 
assume that this property holds for all P > Pfj.- Let x- [0,oo) -^ [0,oo) be a smooth, 
increasing 'cut-off' function with 



X{r) := 



0, 
1, 



< r < 1/2, 
r > 1, 



let Up be the P-periodic function defined by 



up{x) := Apvp (x + -j) 



where 



vp{x)\[_pr^ :=X I -^ j up(x + xp), 
and finally define up E H'^{M.) by the formula 



Ap = 



2fi 



\VP\\Ll 



up{x) :-■ 



so that 





up{x), 




\x\ 


< 


p 

2 ' 


n 


0, 




\x\ 


> 


P 

2 ' 


up 


^Y^upi- 


+ 


JP)- 







Let us examine the sequence {■UnjneNoj where m„ := up^ and {PnlneNo is an 
increasing, unbounded sequence of positive real numbers with Pq > P^,. 

Theorem 3.8 (Special minimising sequence for £) The sequence {un}nefio ^^ o. 
minimising sequence for £ over U^ which satisfies 



sup \\Un\\i < Cfl, 

where Vn ~ ^p„j n CzNq. 
Proof Observe that 

\\up ~ Up (^- + Xp 



lim \\£'{Un) + l^nQ'{Un)\\l = 0, 



A t 2|^l 



a;|<iPI 



Apx 



2\x\ 

pi 



\up{x + xp)\ dx 
1 



- 1 



|up(x + xp)| da; 



\Ap-\Y / , \up{x + xp)\'Ax 

J\x\>\PT. 



< \\Up\\irl < R 
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as P — > oo; the first integral vanishes by the choice of the intervals Ip, while the factor 
Ap — 1 also vanishes because limp_i.oc I^pIIl^ = limp^oo II'^pIIl^ = V^- Similarly, 



p 

- 

p 

2 


A /^2N\ 


1 


2 

\u'p{ 


+ - 


4 n 
phj. 


Apx' 


/2|:e|\ 
\P-^ ) 



\u'p{x + xp)pda: 



\upix ^ xp)\ dx 







as P — )■ oo (the above argument shows that the first integral vanishes, while the second 
integral is bounded). It follows that 

\\up — Up {■ + xp + ^\\\ „^ — > as P — > oo, 
and this result shows in particular that 

ll^tplli == \\up\\h\, < \\up-up {■ + xp + -j)||^i + WupWh}, < cfj. 

for P > Pfj, (where P^ is replaced with a larger constant if necessary) . 
Next note that 

£p{up) - £p{up) = £p{up) - £p {up [■ + xp + f)) 

< sup \\E'p{u)\\]^2 ||up - Up (• +a;p + ^)||r,2 
iLeUp ^ -p 

as P — ?> oo (because ||i?p(w)||^2 is bounded uniformly over u E Up and P > 0) and 

£{up) — Ep{up) — > 

as P — >■ oo fLemma l3.3( ii)). Observe further that Ip_^ —^Ifj. as P ^- oo: 

• Take w £ C^{R) with Q{w) — ^, so that wp :— J^jez'^^i' + i^) satisfies 
Ip,fj, < £p{wp) and £p{wp) — > £{w) as P — >■ oo (see Lemma F3.3f ii)). It follows 
that limsupp_^j^ Ip^^ < £{w), and hence that 

limsup/p,^ < inf {f (w):u G C,°°(R) n C/^} = /^. 

P^oo 

• On the other hand, 

/^ < £{up) 

= {£{up) - £p{up)) + {£p{up) - £p{up)) + Ip^f_,, 

in which the first and second terms on the right-hand side vanish as P — >■ oo, so 
that 

In < liminf /p„. 

P— >oo 

We conclude that 

£{up) = {£{up) - £p(up)) + {£p{up) - £p{up)) + Ip^^ -^ I^ 



\Hl 
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as P -> oo. 

Similarly, note that 

\\£'p{^p) - £'p{up)\\hi. = \\£p{up) - £'p {up {■ + XP + I)) 11^^ 

< sup ||dfp[M]||^i ^^1 llwp — Up (• + xp 

as P — > oo (it follows from the calculation c\£'p[u]{v) = —Lv — n'{u)v that 

\\d£'p[u]\\H^^^H^^ < c ( m(0) + sup \n'{x)\ + sup \n"{x)\) < c (24) 

y \x\<CsR \x\<CsR J 

uniformly over u £ Up and P > 0), and Lemma l3.3( ii) shows that 

lim \\£'{up) - fp(up)||^i(_|i P) = 0, lim ||f '(up)||/^i({|^|>P}) = 0; 



■>oo 



the same results hold for Q, Qp. We conclude that 

\\£'{up) + j^pQ\up)\\i 
< \\£'{up) - £'p{up)\\h^^p^P) + i^p\\Q'{up) - Qp(Mp)||^i(_|i P) 

+ \\£piup) - £piup)\\Hi(-p^p) + J^p\\Q'piup) - Qp(Mp)||_ffi(_|i^p) 

+ \\£p{up) + 1'pQ'p{up)\\hi(-P,P) + ll'^'(wp)lli/i({|x|>£}) 

+ j^p||Q'(up)||ffi({|xl>p}) 
as P -^- cx) because {i^p} is bounded. □ 

4. Strict subadditivity 

In this section we show that the quantity 

If,:=mi{£iuy.ueU^} 

is strictly subadditive, that is 

^^1+^2 < ^Mi + ^f^2 whenever < ^i, ^2 < Mi + /^2 < M*- 

This result is needed in Section [5] below to exclude 'dichotomy' when applying 
the concentration-compactness principle to a minimising sequence {u„}„gNo for £ 
over Ufj_. It is proved by approximating the nonlinear term M{un) by its leading- 
order homogeneous part — L A'p+i(u„) dx (strict subadditivity for a problem with a 
homogeneous nonlinearity follows by a straightforward scaling argument). However, 
the requisite estimate 

''7Vr(u„)da; = o(M^+(P-^^") 



may not hold for a general minimising sequence; it does however hold for the special 
minimising sequence {unjnGNo constructed in Section [3] above. 
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Scaling 

We now examine functions u (^ Uf^ which are 'near minimisers' of £ in the sense that 
£{u)<~^im{0)~h^i^+^P-^^'', \\£'{u) + iyQ'{u)\\i<cti'^ (25) 

for some i^ e K and natural number N > max{i(l + 4j*/3), 1 + {p — l)a}. We show 
that their low-wavenumber part is a long wave which 'scales' in a fashion similar to 
the Ansatz ([5]); this result allows us to conclude in particular that |1m||oo £ c/j,""'^ for 
any e > (see Corollary 14. Sp . 

Our results are obtained by studying the identity 

vu- Lu = n{u)^E'{u) + vQ'{u); (26) 

they apply to minimisers u oi £ over U^, for which £'{u) + vQ'{u) = for some 
Lagrange multiplier v^ and to the functions «„ in the minimising sequence {unjnGNoj 
which satisfy lim„_>.oo ||^(u„) + i'nQ[un)\\i = 0. (Without loss of generality we may 
assume that v^ does not depend upon n: the bounded sequence {vn\n&io has a 
convergent subsequence whose limit v satisfies 

lim \\£'{Un) + vQ'{Un)\\l^Q 

because {|lQ'(un)|ji}n(ENo is bounded.) 

We begin with the following preliminary result, which is proved in the same 
fashion as Lemma [ 



Proposition 4.1 The estimate 

V - m(0) > \h{p + l)Ai(P~i)" + OiM"^'-^) + 0(m'^"^) 
holds uniformly over the set of u Cz U^ satisfying i25\) . 

According to Proposition 14. II one may replace ([SS]) by 

i.-m(0)>O(h||^+^-i), \\£'{u) + :.Q'{u)\U<cf,'', (27) 

and most of the results in the present section apply to this more general situation. In 
particular, estimating 



\\u\\oo<c\\u\\^\\u\\i <c^l^, ueu, 



M 



we find that ly > jm{0); our next result is obtained from this bound in the same 
fashion as Lemma [3.61 

Proposition 4.2 The estimate 

\\u\\l < c/i 

holds uniformly over the set of u (z U^ satisfying {21^ . 

The next step is to decompose a function u G H^{R) into low- and high- 
wavenumber parts in the following manner. Choose fco > so that 77i(fc) < ^^(O) for 
1^1 ^ ^0: let ^ be the characteristic function of the set [— fco, fco]: a-nd write u — ui-\-U2^ 
where 

ui(fc) :== i{k)u{k), U2{k) := (1 - i{k))u{k). 
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We proceed by writing (P^ as coupled equations for the fow- and high-wavenumber 
parts of u, namely 

{ly - m)ui = eJ"[n(u) + £' (u) + iyQ'{u)], (28) 

{jy ~ m)u2 - (1 - OJ'Hu) + £'{u) + lyQ'iu)], (29) 

and estimating ui using the weighted norm 

1 

|||l,|||,^^ -.^ff (t;2 +/,-4j-^-/3(„(2jO)2^ dxY , T < 1 (30) 

for H^^* (M), which is useful in estimating the L°°(M)-norm of ui and its derivatives. 
Proposition 4.3 The estimate 

Ik^^'lU < C/i(^'+^^"^||k|||r,M, J = 0, . . . , 2j, - 1 

holds for alive H^i*{R). 
Proof. Observe that 






+ ^-4j*r/3fc4i. 



d/fc ||b|||2 <c/i(2j-+l)-/3||h|||2 □ 



T,fi- 



Proof Note that u — m{k) > jm{Q) for |fc| > fco (since ly > ^m{Q)), so that 



Theorem 4.4 (Scaling) Choose t < 1. The estimates 

\\\ui\\\l^^ < CrfJ. \\U2\\1 <Cr^^'' 

hold for all u G C/^ which satisfy |i?7| ). 

\m{0) fc. ,,., ^ ,.u ^.....^ - - 4. 

.F-i[(t^-m)-i(l-e)^(.)]Gi3(i/i(M),iJi(M)), 

where the operator norm is bounded uniformly over 1/ > |to(0), and it follows from 
equation ((29|) that 

\\u2\\i<ci\\n(u)\\i + \\£'{u) + iyQ'{u)\\i) 

<c(a.^||z.i|1^-i+/.^(^-i)||z.2||i+/^^), 

where we have estimated 

\\niu)\\l^\\n{u)\\l + \\n'{u)u'\\l 
<ch|ir'll"ll? 

< c{\\u^r£-'\\u\\i + \\u2fr'\\u^\\i + \\ufr'\\u2\\i) 

<c{\\u^f£-'\\u\\l+\\ufr'\\u2\\j) 

<c(/i|ki|ir^+M^-i|k2|l?)- 
We conclude that 

\\u2\\l<c{^^^\\u^r^'+^i^). (31) 
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Turning to equation (I25|) . observe that 

^ - m{k) >{.- m(0)) - "-^^^^^k^^^ > - '"l^'jT '"''^ ^ 0{\\ur^'-^) 
for \k\ < fco and uniformly over u € f/^, so that 

< c / (^ - m(fc))2|^i(A:)p dfc + c|l«i|l?||z.|piP-i) 



< c{\\n{u)\\l + \\£'{u) + ,^Q'{u)\\l + ||^^i||?hi||^^-^^ + WuiWiWu^Wl^'-'^) 

< c{\\n{u)\\l + \\£'{u) + ^Q'{u)\\l + \\u\\l\\u^\\%P-'^ + \\u\\l^''-'^\\u2\\l) 

< c{Mu)\\l + \\£'{u) + ^Q'{u)\\l + A^lkill^^-^) + 11^211?) 

( /III III \2(P-1) \ 

where we have estimated 

\\n{u)\,l < ci\\u,r£-'\\u,\\l + \\u2\\ln < c{^,\\u^r£-' + Wu^Wf) 

and used (PTjl and Proposition 14.31 Multiplying this estimate by jj,^*^*'^'^ and adding 
the inequality J^ u\ dx < 2/x, one finds that 

/ 9 \P-1^ 

' "1 r.u \ 



Define Q = {r e (-oo,l) : |||ui|||^,, < Crti}. The inequality |||mi|||^^_^ < IHuilH^^^^ 
for T\ < T2 shows that (— oo,t] C Q whenever t £ Q] furthermore (— oo,0] C Q 
because |||ui|||o,^ < HwiHo ^ 2^. Suppose that r^, :— supQ is strictly less than unity, 
choose e > so that r* + (1 + 8j-^f3)e < 1 and observe that 

12 / /iiL, |||2 \P-i\ 






r,+£^ ^ C 1_^ „(l-r*-(l+8j\.^)e)(p-l) I IN -i Nlr, -£,a< 



M V \ M 



which leads to the contradiction that t* + e G Q. It follows that r* = 1 and 
lll'"i||lr,/i < CtH for each r < 1. 

The bound for ||u2||i follows from inequality (|5T|). Proposition Upland the bound 

for |||ui|||2^^. D 

Corollary 4.5 Choose r < 1. T/ie estimate 
holds for all u eUu which satisfy (27 
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Proof Using ProDOsition l4.3[ Theoreni l4.4l and the relation f3 — 2a~l, one finds that 

\\u\\oo < ||ui||oo + ||u2||oo 

< c(^ 2 |||mi|||^_^ + ||u2||i) 

< Ci-^2+ 2 

D 
Corollary 4.6 Any function u ^ U^ satisfying \25\) has the property that 

v-m{Q) > 0. 
Proof Using Corollary 14. 5[ we find that 

\\nrc^'-'<c\\u\\i\\ur^' 

uniformly over u G D^ for t sufficiently close to 1, whereby Proposition 14.11 shows 
that 

u - m(0) > i/4p + l)^(P-i)" + 0(^(^-1)") > 0. D 

Strict subhomogeneity 

A function /i i— > /^ is said to be strictly subhomogeneous on an interval (0,/iv,) if 

I ail < a^/j whenever < /i < a/i < /i^; 

a straightforward argument shows that strict subhomogeneity implies strict 
subadditivity on the same interval (see Buffoni [5} p. 48]). 

Proposition 4.7 

(i) Any function u E U^ with the property 

£{u) < -fim{0) - /*^i+(P-i)" (32) 

satisfies 



This result holds in particular for any minimising sequence {unjnGNo for £ over 
(ii) Any function u d U^ with the property \3'^) satisfies 

[ Np+i{u) dx > c^i^+^P-^^'^ . 
This result holds in particular for the sequence {un}neNo- 
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Proof The first result is a consequence of the equation 

Af{u) = £(u) - C{u) 
and the estimates (l32l) and 
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1 f m(0) f 

—C{u) — -z uLudx < — - — / u^ dx — iim{0), 

while the second is obtained from the first using the estimate 



Nr{u)dx 



<c\\u\\i+'\\ur^' 

= c^^l+(i-^)(5-")(p-i)^i+(p-i)" 



for T sufhciently close to 1 (see Corollary 14.5^ . 



Lemma 4.8 The map /i i-> /^ is strictly suhhomogeneous for /i G (0,/i^). 
Proof Fix a > 1 and note that ||a2u,j||^ < ca^i < R. We have that 

= C{a'^Un)— I Npj^i{a'^Un)dx — i N-c{aUn)dx 

Jr Js. 

= aC{u,,) - ai^P+'') [ Np+i{ur,) dx + o{fi'+^P-'')^) 

= a£{un) - (a3(P+i) -a) [ 7Vp+i(it„) dx + o{^i^+'^P~^^'-) 

Jr 

< a£{un) - cia^^P+^^ - a)fi^+^P-^'^'' + oifi^+^P-^'^''), 
in which we have used Proposition I4.7f ii) and the estimate 



Nr{aUn) dx 



< caP+'+'\\uJl+'\\u^r^' = o(m^+(^-^)") 



(cf. calculation (p3)) ). In the limit n — >■ oo inequality (p4l) yields 
from which it follows that lap, < alp. 



(33) 

D 



(34) 



D 



5. Concentration-compactness 

In this section we present the proof of Theorem 1 1 . 2 1 with the help of the concentration- 
compactness principle (Lions [14 ), which we now recall in a form suitable for our 
purposes. 
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Theorem 5.1 (Concentration-compactness) Any sequence {e„}„gNo C L^(M) of 
non-negative functions with the property that 

Cn dx = I > 

admits a subsequence, denoted again by {e„}„gpfQ, for which one of the following phe- 
nomena occurs. 

Vanishing: For each r > one has that 

lim sup / e„ dx =0. (35) 



Concentration: There is a sequence {x„}neNo C M with the property that for each 
£ > there exists r > with 



Cndx > I — e, (36) 

for all n G Nq. 

Dichotomy: There are sequences {a;„}„gp^j,, {Af„}„gNo7 {-^njnGNo <^ ^ ^.''^d a real 
number A S (0, 1) with the properties that M„, Nn — >■ c», M„/Nn — >■ 0, 

/ e„ dx — >• A and / Cn dx — >■ A (37) 

as n —>■ oo . 



We proceed by applying Theorem 15.11 to the functions e„ = m^, n € No, 
where {un}neNo is a minimising sequence for £" over U^ with the property that 
suPneNo II"" 111 < ^' so that £ = 2/i. 

It is a straightforward matter to exclude 'vanishing'. 

Lemma 5.2 No subsequence of {en}neNo has the 'vanishing' property. 
Proof Suppose that {e„}„gN(, satisfies ((35|) . and observe that 

W{u^)\ < f \N{un)\dx 

JR 

f2j + l 



< c^ / iu„rMx 

< c||u||f sup / e„ dx 

\xneRJBi{xo) / 

< c sup / e„ dx 

xoeRJEiixo) 

as n — )• cx), which contradicts Proposition 14.7( 1) . 
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Lemma 5.3 Choose s £ (0, 1) and suppose that a subsequence of {e„}„gNo 
'concentrates'. There exists a subsequence of {«„(■ + a;n)}neNo which converges in 
H^ (M) to a minimiser of £ over U^ . 

Proof Write w„ := m„(- + Xn), so that sup^gpj^ ll'^^nlli < R- Equation ([5S)) implies 
that for any e > there exists r > such that 

On the other hand {wnlnsNo converges weakly in _ff^(M) and strongly in L'^{~r,r) to 
a function v with ||w||i < R; it follows that u„ — > u in L^(M) as n — >■ oo. In view 
of the interpolation inequality ||u„ — v\\s < \\vn — v\\o~'^\\vn — v\\f we conclude that 
Vn ^ V in H'^iM.) as n — 7^ oo, so that £(w„) -^ £{v) as n — >■ oo (Proposition 12.2^ 11')) 
with £{v) — I 1^1 (by uniqueness of limits). D 

Suppose now that 'dichotomy' occurs, and that {e„}„gNo satisfies (j37]); note in 
particular that the sequence {w„}„gNo with u„ = u„(- + Xn) satisfies 

\\'"n\\l2(^M„<\x\<N„) ^ endx- e„ dx ^ (38) 

as n — >■ OO. Let C be a smooth, decreasing 'cut-off' function with 

\0, r>2, 

and define 

vW(x):=v„{x)c(^^ 

v^^Hx) := v^x) (l - C (^^ 

so that 

supp(z;W) C [-2M„,2M„], supp(t;i2)) c M \ (-^, ^), 

which in view of the properties of M„ and Nn are disjoint sets for large values of n. 

Proposition 5.4 The sequences {wi }neNo '^'^'^ {^n jnGNo satisfy ||wn ||o ^ ^i 
llui^^llg -^2/i- A and 

ll«i''^lli^(Af„<l.l<iv„)->0, J = 1,2. (39) 

as n —>■ oo . 

Proof The limits (15^ are a direct consequence of ([55]) since \vn \, \vn \ < |w„|. It 
follows that 

llii(i)||2 < ii„(i)||2 . n 

and 

lki'^llL2(^<|.|<Ar„) < ll^n 1i^(M„<|.|<JV„) ^ 

as n — > OO. Using these results, we find that 

ll^i'^lio = lki'^lli^(|x|<Af„) + lki'^lli2(Af„<|x|<2A/„) 
A/„ 

w„dx+||u,W||2^^^^^^l^l^2Af„) 
A 
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and 



as n — ?► oo. 
Define 



so that 



\vX- lki^^lli^(|.|>A^„) + ll-flli.(^<|. 






Nr^ 



N„ 



(^<|x|<Ar„ 



Vndx+Uf^H,^^^^^^^^^^ 



,(1) 






,(1) 



(2) ._ V2^ - A (2) 
" ■ ^2),, '^n 5 



Ikn llo 



ll«l''llo-A, hi2)|,2^2M_^^ 



(40) 



for all n G Nq. According to the next proposition we can assume without loss of 



,(1) 



generality that {m„ } C U\ and {u„ '} C U 



(2)i 



(l)l 



,(2)l 



Proposition 5.5 The sequences {wn }neNo i^^*^ {"« }neNo satisfy 

(i) Ymi \\Vn-lln^ -u'-n^Wl^Q, 



,(1) , .,(2) 



('iij limsup||M,i +Mn 111 < R and lira sup ||w„||i < R, j ^1,2 



U)\ 



Proof (i) Clearly 

II,, _,,(1) _,,(2)||2 _ IL, _„(1) _,,(2)||2 r, o i ^ 

as n — >■ oo in view of the triangle inequality and the limits (pS)) and (|5^ . On the other 



hand 



|U,(1) _L ,,(2) _ (1) _ (2)||2 _ II (1) _ (1)||2 , II (2) „ (2)||2 
ll"n + "n "n "ri IIq— ll^n "ri llo+ll"n ^n llo 

/ ^ \ 2 / 

vA , \ ,, ni,,2 , / \/2m- A 



ki'^llo 



- 1 



,(1)||2 



li'l^'llo 



- 1 



^0 
as n ^- oo (Proposition 15 .4^ . 

(ii) Note that \\v',^\\l < R and 



±U\A 
dxy\Mn 



(42) 






< cM-\ 



uniformly over a; £ M, whence 
and (HI]) shows that 

h'^^+v'iX = \\Vn\\l+o{l) 
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as n — >■ oo. Combining these estimates, one finds that 

\\vi'^+v^^mi<\\vJl + oil), 
which in the hght of P^ implies that 

\\ui'^+u^^^\l<\\vJj + oil) 

as n — 7- oo. 

The previous inequahty shows that 

Hmsupllwl^) +'4?lli < sup |lw„|li < R, 

n—^co neNo 

(2) 

and the resuhs for hmsup„_j.o^ ||wn ||i, j = 1, 2 fohow from the estimates 

||u(f'||i<hi^'+4''lli, J = 1,2. □ 

Our next rcsuh shows that {f (fn)}neNo decomposes into two parts for large values 
of n. 

Proposition 5.6 The sequences {un}nef% 0''^d {un}nefio satisfy 

hm {£{v,,)-£{u'i^)~£{u^^)))=0. 

n—>oo 

Proof First note that 

|£-K) - £(«li) + «i2))| < sup \\£'{u)Uvn - ui'^ - u^^^Wo ^ (43) 

as n — )• 00 since ||i5'(m)||o is bounded on U. 
Furthermore 



and 



£(^(1) + «(^)) = C{uW) + £(u(f)) - / ^^'L.W dx, 



ui^'>Lui^^ dx 



n n 



< cMP\ 



dx 



< CiR 



< CiR' 2 



CiR' 



dist(a;,supp('u„ )) 

\u^n\x)\ 

^\yl^ dist(a;, [-2M„,2M„]) 
dx \ 



dx 



jV„/2 [x - 2A'f„)2 

4 






as n — >■ oo, so that 



hm (£(«(,!) + u(2)) _ £(^a)) _ dui^))^ = 0. 
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Combining this result with the equation 

A/-(«W+^.(f))=AA(K«)+AA(«(2)) 

(the supports of Un and uii are disjoint), one finds that 

Um {Siuip + u(?) ~ Eiuip) - £(z.(2))) = 0. (44) 

n— >-oo 

The stated result follows from (gS]) and dH]). □ 

Lemma 5.7 No subsequence of {vn}neN has the 'dichotomy' property. 

Proof Recall that {wnlnsNo is a minimising sequence for £ over t/^ and that 
£{un ) > /a, £{un ) > /„_A- Using Lemma 15.61 and the strict-subadditivity of 
jjL ^-^ If^ on (0, /i*), we arrive at the contradiction 

M Ml M2 

< lim (£-(K«)+f(«l2))) 
= lim E[vn) 

n—^oo 

= !,- 

n 

According to Theorem 15.11 and Lemmata 15.21 and 15.71 a subsequence of {e„}„gNo 
concentrates, so that the hypotheses of Lemma [5731 are satisfied. It follows that D^ is 
nonempty and Theorem II. 2( ii) holds. The remaining assertions in Theorem II. 2f i) are 
proved by applying Proposition 14. II and Corollarv 14.61 to u g I?^. 

6. Consequences of the existence theory 

An a priori result for supercritical solitary waves 

We now record an a priori estimate for supercritical solutions u G C/^^ of ([3]). The 
result states that such solutions are long waves which 'scale' in a fashion similar to 
the Ansatz ([8]). More precisely, we show that |||w|||^ „ < CrfJ. for r < 1, where ||| • |||r,^ is 
the weighted norm for H^^*{R) defined by formula (pO)) . so that ||w*^^^||o < CriJ.^'^-''^^ 
for j = 1, . . . , 2j^. We make the following additional assumption on the nonlinearity 
n, which ensures that u e H'^^*{R) with ||u||2j\. = 0{^i^) (see Lemma 1^3)) . 

(A4-) The nonlinearity n belongs to C^^* (R) with 

nii\x)^0{\x\P+'-^), j=0,...,2j, 

for some S > as x — > 0. 

Lemma 6.1 Suppose that the additional regularity assumption (A4-) holds. Every 
supercritical solution u E U^ of ^Bj) satisfies |||m|||^ „ < c^/i for all t < 1. 

Proof Write ^ as 

{v — m)ui = ^F[n{u)], U2 = {v — m)^^{l — ^)F[n{u)]. 
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Observing that 

V - m{k) > (i. - m(0)) —±lk^3* > I ' k^'* 

for |fc| < fco, we find that 

|z.f^*)pdx < c /(^ - mik)r\Mk)\'dk < c\\niu)\\l < c||u||^^-i)h||g. 

JR 

On the other hand 

J-i[(^^ - m)-i(f - e)-F(.)] e B{L\R), L^R)), 
where the operator norm is bounded uniformly over v > to(0), so that 

ll"2 llo 



<c||(n(u))(2^*)||o 



2j* 



1=1 
2j* 



i=l Ji 

2j, 

<cVikii^-^yilu'ii^., iu,(2j*-m)ip=.*-.+i 

i=l ,/i 

<c£|k||L'^E(ll^ll-'^ll"'''*^ll"'^^'---^ll""'^^^^^""*'' 



i=l Ji 

2j, 

II im — i V~^ 11/11.71 I 

P " 11 1-3* 



,, ,, C^ 

<c||ur^-l||«(2:^*)||o, 
where i?2j*,i denote the Beh polynomials, 

Ji = {{Ji, ■ ■ ■,J2j,-i+i) ■■ ji+- ■ ■+J2j,-i+i == i, J1+2J2+- . .+{2j^,-i+l)J2j,-t+i = 2j*} 

and the generalised Holder and Gagliardo-Nirenberg inequalities have been used (see 
Hardy, Littlewood & Polya [H Theorem 8.8] and Friedman [9j Theorem 9.3]). 
It follows that 

M^^-*)|Mx<c||u||^,.J|u||^^-i) 

< cmII^II^^-') (45) 
<c(m^+(^-i)^^|||^|||2(p-i)) 

/ /Ill7;lll ^2(p-l)- 

< /^l + (p-l)(rm) J^^ 

and multiplying this estimate by jj,"'^^*'^^ and adding L u^ dx = 2/i yields 

The stated estimate is obtained from this inequality using the argument given at the 
end of the proof of Theorem 14.41 D 
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Convergence to long waves 

In this section we work under the additional regularity condition (A4) and examine 
the relationship between 13^ and Diw, beginning with that between the quantities 

If,:^mi{£{uy.u£U^} 

and 

/iw := inf{fiw(w) : w € Wi}. 

Lemma 6.2 

(i) The quantity /^ satisfies 

uniformly over u € Z?^; . 
(a) The quantities I^ and Ii^ satisfy 

Proof (i) Using the identity 

8{u) = -TO(0)/i + £i„{u) -]- I r[k)\u\^ dfc - /" N,[u) Ax 

2 JR Jr 

for M e C/^ n W* (M), we find that 

I^,=E{u) = -m{0)^i + Ei„{u)- - r{k)\u\'^dk~ Nr{u)dx. 

2 Jr Jr 

for each u G D^,, where 

1 [ r{k)\u\^dk+ [ N,{u)dx 

2 JR JR 

<c('/'fc2j*+2|u|2dfc+||u||?||u|lP+^-l 

uniformly over u g Z?^. 

(ii) Choosing u G 13^ and applying (i), one finds that 

> - m(0)Ai + /ii+(P-i)"/iw + o(/+(P-i)"). 
On the other hand, choosing w £ Diw and applying Lemma 13.21 one finds that 

= - m(0)M + /ii+(P-i)"fiw(u;) + o(m'+(^"'^") 
= - m(0)Ai + /ii+(P-i)"/iw + o(m'+(p-i)"). 

D 
Our main result shows how a scaling of D^ converges to -Diw as /x \ 0. 
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Theorem 6.3 The sets D^ and D\^ satisfy 



sup distHj*(R)(S'iJu, Aw) -^ 



as ^j,\ 0. 



Proof Assume that the resuh is false. There exist e > and sequences {fin}n&io C 
(0,^*), {u„}„eNo C i/^^*(]R) with w„ G D^^^ such that hm„_^oo A^n = and 

inf \\wn -w\\j^ > e, (46) 

tuG-Diw 

where Wn{x) := ii~°'Un{iJ.'^ x)- Using Lemma l6.2f i). one finds that 
/m„ - - "i(0)A*n + fiw(w„) + o(Ai,\+(P-i)") 

= - m(0)A*„ + M.^+'''"'^"£iw(«i„) + o(m,\+(^-i)") 
as n — >■ oo, and because 

(Lemma I6.2f ii)). it follows that 

£\^{Wn) = /iw +0(1) 

as n — >■ c», so that {w„}„gNo is a minimising sequence for fi^ over {w € H^* (M.) : 
Q{w) — 1}. According to Theorem 11.11 there exists a sequence {cc„}„gNo of real 
numbers with the property that a subsequence of {w„(-+a;„)}„gNo converges in H^* (M) 
to an element of I?iw. This fact contradicts (|46l) . □ 



Remark 6.4 The previous theorem implies that {S^^ u}ueD is a bounded set in 
H^*{M.). For all u G D^ we therefore find that 



\u\\lo<^\\u\\li 

zvr 






^^_ ... f f 1 

~ 27r 
and inequality C3l) implies that 

whence |||m|||i „ < c/i. For u G -D^ Lemma \K7\ therefore also holds with t — 1 (the 
result predicted by the long-wave Ansatz 0)^, and in particular {S^ u^^eD , ^*es in 
W for sufficiently large values of S . 

Finally, we relate the wave speeds i'{u) and v\^{w) associated with respectively 
u G D^ and w G D\^. 
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Lemma 6.5 There exists a family {wy^}^i^]j of functions in D\-„ such that 

v{u) = m(0) + Ai(P-'^"j^iwK) + oiii^P-^^'^) 
uniformly over u G D^ . 
Proof Using the identity 

{£\u),u)o^-2m{Q)Q{u) + {£[^{u),u)o~ f r{k)\u\^ dk ~ f un,{u)dx 



for u ^ U, we find that 

{£'{u),u)o = - 2m(0)A* + ^i'+^P-'^^iSUS^-^'u), S^„\)o 

- /i2"-^ / r{fi^k)\^[S,-^'u]\^dk - Ai"-^ / 5,-i«n,(M«5-iw)dx 

= - 2m{0)^, + ^i'+(P-'^'^{£US-y), S-y)o + o(//+(^-i)") (47) 

uniformly over u G _D^, where the second line follows from the observation that 



\ Jr Jr 

uniformly over w Cz W. 

Theorem 16.31 asserts in particular the existence of Wu S -Diw such that 

WS^-J-u-WuWj, =o(l) 

and therefore 

(^iw('S'iw^w)>'S'iw^^>o - {£l^{wu),Wu)o = sup ||^'(w)||o||5'i^^w- w«||o = o(l) (48) 

wew 

uniformly over u g D^, where 

Giw) =. {£LH,w)o = -^ {^13^^"'^'*^^' ^ {p+l)N,+,{w)^ dx. 
Furthermore, it follows from the equations 

£'{u) + i^{u)Q'{u) = 0, £Liwu) + i^Uwu)QUwu) = 

that 

2v{u)^jL = -{£'{u),u)o, 2fiw(w„) = -{£Liwu),Wu)o (49) 

for each u E U^. Combining (|47p -(j49 |) . one finds that 

i^iu) = m(0) + /x(P~i)%iw(z«„) + o(M^^-i)") 
uniformly over u €U^. □ 
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Remark 6.6 For the Whitham equation Theorem 1 6. 3\ and Lemma 1 6. 5\ yield the 
converqence results 

2 1 

sup inf ||/^"3u(^"3(- + y)) - WKdvUi ^ 



sup 

ueD^ 



j.(,i) - 1 - A^i (1)^ =o{^ii) 



as fx \i 0, which show how Whitham solitary waves are approximated by a scalinq of 
the classical Korteweg-deVries solitary wave. 

Stability 

In this section we explain how Theorem ll.2r ii) imphes that the set of sohtary-wave 
solutions to ([T]) defined by Z?^ enjoys a certain type of stability, working with the fol- 
lowing local well-posedness assumption. (Although consideration of the initial-value 
problem is outside the scope of this paper we note that a local well-posedness result 
in iJ''(]R) for s > I may be obtained using Kato's method [13] ; see also Abdelouhab, 
Bona, Felland & Saut p.) 

Well-posedness assumption There exists a subset M C U with the following prop- 
erties. 

(i) The closure of M \ D^ in H^iM.) has a non-empty intersection with D^. 

(ii) For each initial datum uq d M there exists a positive time T and a function 
u e C([0,T],L/) such that u(0) = mq, 

£{u{t))=£{uQ), Q{u{t)) ^ Q{uo) 

for all t E [0,r] and 

sup \Ht)\\i <R. 
te[o,T] 

Theorem 6.7 (Conditional energetic stability) Choose s E [0,1)- For each 
e > there exists 6 > such that 

dist Hs(R){u{t),Df,) < e, 

for all t e [0, T] whenever 

ueM, dist/f.(R)(Mo,£'/i) < (5. 

Proof Assume that the result is false. There exist e > and sequences {uo.„}„eNo C 
M, {r„}„gNo C (0,oo), {i„}„eNo C [0,T„] and {u„}„eNo C C([0,T„], [/) such that 

U„(0) = Uo,n, 

£{u^{t))^£{uo,n). Q{Un{t)) = Q{uo,n). tE [0, T^] 

and 

distH»(R)(w„(i„),I?p) > £:, dist//a(R)(wo,n,£'p) < -• (50) 
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According to the last inequality there is a sequence {un}nGfio ^ ^m such that 

lim \\uo,„ - Un\\s = 0. (51) 

The sequence {un}neNa is clearly a minimising sequence for £ over U^, with 
sup„gj^ llunlli < R. It follows from Theorem ll.2f ii) that there is a sequence 
{xn}neNa C K with the property that (a subsequence of) {m„(- + a;„)} converges 
in iJ*(R) to a function u S _D^. Equation (|51l) shows that the same is true of 
{■'^o.nl' +2;„)}: and using Proposition 12.21 we find that 

f (U0,n) -> f (u), A^n := Q(uo,n) "> Q('«) = M 

as n — >■ cx). Defining w„ :— {fJ./ fJ.n)^Un{tn), observe that 

QiVn) = QiUniUi)) = Q(uo,„) = /i 



and 



I, 



£(V„) -£{uo^n) = £{Vn) - £{Un{tn)) 

< sup||£"(ii)||o||f„-u„(t„)|lo 

uGU 

= y2sup \\£'{u)\\o\fJ-- Hn\^ 
ueu 

as 71 — > oo, so that {w„}„(=No is also a minimising sequence for £ over [/^ with 
suPngNo ll^nlli < ^- Thcorcm ll .21 (11) implies that (a subsequence of ) {wnjneNo satisfies 
dist//s(R)(w„, Di^i) — > as n — > oo, and since 

\\Vn - lUtn)\\l ^(^-l) ||u„(i„)||? <R^(jL^l)^0 
VMn / KfJ-n J 

as n — > 00, we conclude that dist//s/jj-)(u„(i„), D^) — > as n — > oo. This fact 
contradicts ([50]) . □ 
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Here we present a short argument demonstrating that £iw is bounded below over Wi . 
Using the Gagliardo-Nirenberg and Young inequalities, we find that 



Np+i{w)dx 



<c\\wf+^ 



LP+H 



^ II ii(i-e)(p+i)ii iie(p+i) 



2j* 



< c||w| 

< Ce + ce||ui||^ , 



where £ is a small positive number and 



v-\ 



2.7*(P+1) 
(note that (p — l)/2j/* < 2 by assumption (A3)). It follows that 



> 4M\l - 

> c\\w\\^j^ -Ce 

> -Ce 

for sufficiently small values of e. 



Np+i{w)dx 



Q{w) 
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